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The strucLu1-e o f  Di- and Tri-Valent Metals 

Department of Physics and Institute for the Study of Metals, 
The University of Chicago, Chicago, Illinois 

The structures of the di- and tri-valent metals Be to 

Hg and A1 to T1 are considered from a fundamental point of 

view, based on the pseudopotential and second order pertur- 

bation theory. The most significant factors for the struc- 

ture of a simple metal are the valence , and the position 
go of the first zero of the pseudopotential. 

Y 
The qo in 

turn can be related t o  atomic properties such as the radius 

of the ion core and the sp promotion energy. When qo falls 

near a set of reciprocal lattice vectors, distortions from 

a simple structure are likely to occur. 

qo through the periodic table gives a qualitative explana- 

tion of the variation of C/a ratio from Be to Cd, the 

occurrence of distorted structures in Hg, Ga and In, the 

The variation of 
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behavior of the InPb and InSn solid solution alloys, as 

well as features of the molten metals and some other 

elements. A few detailed calculations show the qualita- 

tive arguments are soundly based, but the pseudopotentials 

have to be very precisely known, which they are not at 

present, before good agreement ~ i t h  experiment car?. be 

expected. 



I 

I. THE STRUCTURAL ENERGY 

We are interested in understanding the structures of 

metals from a fundamental point of view. Basically the co- 

hesive energy of a metal depends on the electronic structure 

of the cmductior, band, which we describe in terms of pseudo- 

potentials in the way now customary. ',* Previous attempts to 

predict the observed structures of metals from first principles 

using such a theory have met with mixed success.2 

the uncertainty of our present knowledge of atomic pseudo- 

potentials v(q), particularly at large wave number3 q, and of 

the precise dependence of the exchange and correlation energies 

on structure, we shall here content ourselves with the quallta- 

tive explanation of well-defined trends in the structures of 

metals in terms of trends in the corresponding pseudopotentials. 

The metals considered are those with valency = 2 (Be, Mg, 

Zn, Cd, Hg) and % = 3 ( A l ,  Ga, In, Tl), and some alloys of 

them. We omit Ca, Sr, Ba and Sc, Y, La because the proximity 

Recognizing 

r 

3 

of d-states has a strong effect, as may be seen for example 

f i e  end ( s e a  E) we include a fb b t ; 4  comments 
from the A2 parameter and the peculiar v(q) for Ca, etc. 3 A t  

S O M ~  otlrccrr elemen%, 

Since the pseudopotential is small', the total energy is 

expanded in a perturbation series. To first order, the conduc- 

tion band is a free-electron gas with the bottom of the band 

given by the mean pseudopotential, and the total energy a 
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f u n c t i o n  of volume only, U l f  say. 

o rde r  energy i s  

The s t r u c t u r e  dependent second 
4-6 

Here W(g) i s  the  s t r u c t w a l  weight of a set of  r e c i p r o c a l  l a t -  

t i c e  vec to r s  Q, 
ry 

where S i s  t h e  s t r u c t u r e  f a c t o r ,  and t h e  sum i s  over  a l l  equiva- 

lent  r e c i p r o c a l  l a t t i c e  vec tors  g. - 
F conta ins  two f a c t o r s :  

w i th  f (  q )  t h e  usua l  furiction from p e r t u r b a t i o n  theory  
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4 2 2  depicked i n  Fig.  1, where T ( k )  = -fr k /2m and kF i s  t h e  r ad ius  

of t h e  Fermi sphere.  

func t ion  of order  u n i t y  which includes among o t h e r  t h ings  

t h e  exchange and c o r r e l a t i o n  energy: We s h a l l  f o r  t he  most 

p a r t  ignore i t .  

appendix. The q u a n t i t y  

ry 

I n  ( 3 )  , c d ( q )  i s  a slowly varying 

We discuss  & and Eq. (1) f u r t h e r  i n  t h e  

i n  (1) i s  the energy c h a r a c t e r i s t i c  of  Harr ison 2 9 4  and we sha l l  

c a s t  most o f  our  d i scuss ion  i n  terms of i t .  

i s  an Ewald term, t h e  d i f f e rence  between t h e  e l e c t r o s t a t i c  

p o t e n t i a l  energy of t h e  r e a l  l a t t i c e  and t h e  p o t e n t i a l  energy 

-0.9 3 2e2/Ra when t h e  atomic polyhedron i s  rep laced  by a 

sphere of r ad ius  Ra. 

F i n a l l y  UE i n  (1) 

? 

We have omitted iri (1): 

( a )  Higher o r d e r  pe r tu rba t ion  terms. These are of small 

o rde r  s i n c e  typically '  v(g)/EF 3 0-1, though they  can 

lead t o  some observable e f f e c t s .  8 

(b) Core-core i n t e r a c t i o n s .  These should be small  s i n c e  

among t h e  metals considered t h e  ion  cores  a r e  small, 

t i g h t l y  bound, and not overlapping.  

( c )  The e f f e c t  of t h e  non-local i ty  of t h e  pseudopotent ia l .  

In most meta ls  t he  parameters A. ar,d A1 of  t h e  model 
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potent ia l ’  do not  dif fer  g r e a t l y  so t h a t  v i s  nea r ly  

l o c a l .  A l s o  i n  (l), ( 4 )  most of  t h e  c o n t r i b u t i o n  

comes from s c a t t e r i n g  between s t a t e s  nea r  t h e  Fermi 

l e v e l  because of t h e  energy denominator, so  t h a t  the 

r e l e v a n t  s c a t t e r i n g  mat r ix  element (k I v 1 k + q> 

i s  n e a r l y  constant ,  which is a l l  that  i s  r e a l l y  

ass-med, even thmgt: v is nc?t l o c a l .  

( d )  The exc lus ion  of t h e  valence states from t h e  core.  

T h i s  i s  t h e  ‘or thogonal i ty  c o r r e c t i o n f 3  and leads 

t o  a small change 495  i n  t h e  e f f e c t i v e  3 .  
F i n a l l y  w e  make one f u r t h e r  approximation of a somewhat 

d i f f e r e n t  natlme: 

rocal l a t t i c e  v e c t o r s  g < 2kF. 

t o  zero  as q 300 , and on t h e  o t h e r  there are grounds’ f o r  

hoping t h a t  v ( q )  may be taken t o  c u t  o f f  f a i r l y  quick ly  a t  

large q. 

W e  include ir, (1) only the f i rs t  few rec ip-  

On t h e  one hand f(q) decreases  

A l l  of t h i s  would be of l i t t l e  use were i t  not  f o r  t h e  

fact  tha t  the p s e w o p o t e n t i a l s  v ( q )  of  most elements are 

a s t o n i s h i n g l y  passing through ze ro  a t  some po in t  

q, usually less than  2kF (Fig. 2 ) .  

depic ted  i n  Fig. 3 is  indeed t y p i c a l ,  and i t s  q u a l i t a t i v e  

v a r i a t i o n  from element t o  element i s  contained i n  the two 

parameters go and 2kF. 

t o  measure these q u a n t i t i e s  is  one i n  which the  

The shape of E ( q )  - 

The appropr i a t e  s c a l e  on which 



A 
r e c i p r o c a l  l a t t i c e  vec to r s  g, a t  which E ( q )  i s  t o  be evaluated,  

are f ixed .  

s t a n t  of a face-centered cubic ( f  c c ) s t r u c t u r e  w i t h  t h e  same 

We use as u n i t  27r/Ao where A. i s  the  l a t t i c e  con- 

atomic volume. 

The v a r i a t i o n  

2kF i s  then a func t ion  only of valence % . 
of qo w i l l  b e  considered i n  t h e  next s ec t ion .  

How do w e  expect t h e  s t r u c t u r e  t o  depend on these param- 

eters? F i r s t l y  i t  i s  c l e a r  t h a t  a set  of r e c i p r o c a l  l a t t i c e  

vec to r s  of magnitude g ," qo w i l l  c o n t r i b u t e  l i t t l e  t o  t h e  

binding energy. I n  choosing between two simple s t r u c t u r e s ,  

e.g., body-centered cubic  ( b  c c ) and hexagonal c l o s e  packed 

( h  c p ); the  e f f e c t  of qo i s  t o  f avor  t h e  s t r u c t u r e  which has 

a d i s t r i b u t i o n  of s t r u c t u r a l  weight avoiding i t .  Bigger band 

gaps simply g ive  bigger binding energy. Furthermore, a 

s t r u c t u r e  having a set  of r e c i p r o c a l  l a t t i c e  vec to r s  f a l l i n g  

n e a r  qo may lower i t s  t o t a l  energy by s p l i t t i n g  them i n t o  two 

o r  more sets by an  appropr ia te  d i s t o r t i o n  of  t h e  l a t t i c e .  

T h i s  e f f e c t ,  which i s  due t o  t he  convexity of E ( q )  nea r  qo 

(Fig. 3) ,  has a converse i n  any reg ion  where there i s  a s t r o n g  

concave ( i .e . ,  upward) curvature  of E ( q ) ,  as i s  the  case  f o r  q 

j u s t  less than  2kF i n  many metals .  

We should note ,  however, that t h e  e f f e c t  of t h e  Ewald 

term UE i n  (1) i s  t o  favor a s t r u c t u r e  of high symmetry such 

as f c c , b c c and h c p. The Ewald energy of these i s  

small, q u i t e  n e g l i g i b l e  i n  fac t , '  b u t  i t  appears t o  inc rease  

rapidly wi th  any d i s t o r t i o n  of them. 
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0 The lowering of t h e  energy I T 2  by t h e  repuls ion  of a recip-  

r o c a l  l a t t i c e  vec to r  g away from qo applies whether the  change 

l t l  g i s  due t o  a change of volume o r  of s t r u c t u r e .  However, 

an e l e c t r o n  gas i s  rather incompressible because of the Fermi 

energy, and U2 being second order  i n  v i s  small. 

changes induced by qo are consequently very small, and w e  shall 

LLL what f a l l m a ,  cmsider only t h e  change i n  U, wi th  s t r u c t u r e  

The volume 

a- 

c 

a t  constant volume. 

The behavior of f ( q )  i n  tke  reg ion  of the  s i n g u l a r i t y  a t  

2kF r e s u l t s  i n  a sharp increase i n  t he  gradient of E ( q )  there. 

In  the simple second order theory,  t h e  grad ien t  i n  f a c t  

becomes I n f i n i t e .  Other things being equal,  i .e. ,  v ( q )  con- 

stant, It pays t o  have a rec iproca l  l a t t i c e  vec to r  below 2% 

rather than above. T h i s  I s  t h e  well-known e f f e c t  discussed 

by Mott and Jones'' i n  terms of t h e  formation of Jones zones 

near t h e  Fermi sphere. 

I n  the  case of d i s to r t ed  s t r u c t u r e s ,  t h i s  e f f e c t  can 

determine the magnitude of t h e  d i s t o r t i o n .  Suppose a set 

of r ec ip roca l  l a t t i c e  vectors  g increases with d i s t o r t i o n .  

When g = 2kF, t h e  i n f in i t e  grad ien t  makes it  e n e r g e t i c a l l y  

unfavorable f o r  t he  d i s t o r t i o n  t o  increase .  I n  p rac t i ce ,  of  

course,  the s i n g u l a r i t y  i s  somewhat smoothed out .  Also v ( q )  

may be Increas ing  s u f f i c i e n t l y  rap id ly  that  E ( q )  i s  s t i l l  

decreasing beyond q = 2kF. 

crease ( i n  t h e  a lgeb ra i c  sense)  of dE/dq near  2kF will remain, 

and can s u f f i c e  t o  l i m i t  the  d i s t o r t i o n .  

Nevertheless a f a i r l y  sharp in-  
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11. VARIATION OF qo 

Since we ultimately wish to understand the structures of 

solids in terms of the basic properties of atoms, it is impor- 

tant to relate the variation of q, among the elements to 

atomic Features. 

The cancellation theorem 11912913 suggests as an approxi- 

mate picture (in real space) of the pseudopotential of a bare 

ion 

where all the real potential is cancelled o f f  to v inside the 
core radius Rc. V is the mean screened pseudopotential in 

the metal, approximately proportional to 3 . Thus, Vps/% 

is a function of r/Rc only, and qo proportional to l/Rc. 

screening by the electron gas only affects the magnitude of 

v (  q) through the screening factor 

It is easy to verify this simple model gives qoin approximately 

the observed place: ignoring in (6) gives v(q)msq-* cos(qRc) 

with qoRc = 

of 

R,/Rc in units of 27r/A0, where Ra is the atomic radius. 

- 

The 

6 (q) without altering 9,. 

1 which is somewhat t o o  far out, and the effect 

is to bring go In a bit. Anyway qo is proportional 30 
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b Empir ical ly  Ra/Rc increases w i t h  &' , as can b e  understood 

i n  terms of pseudopotent ia ls .  l4 Thus, qo i nc reases  w i t h  y , 

as can be seen i n  Fig.  4 by comparing pa i r s  o f  elements from 

the  same row of the per iodic  tab,le o r  the  means of t h e  two 

groups = 2 and 5 = 3 *  

Within a group of constant  3 , t h e r e  i s  some decrease  

i n  Ra/Rc w i t h  i nc reas ing  atomic number Z14 which would tend  

t o  decrease go. 

The energy d i f f e r e n c e  A between the s and p s t a t e s  i n  t h e  

atom inc reases  ( re la t ive t o  the energy l e v e l s  themselves) w i t h  

However, t h i s  e f f e c t  i s  outweighed by another .  

SP 

i n c r e a s i h g  Z. It is  the well-known f a c t  t h a t  t h e  s s h e l l  i n  

Hg, T1 , Pb is  r e l a t i v e l y  ra ther  t i g h t l y  bound, and can a l s o  

be/described 

t h e  simple model ( 6 ) .  A large A tends t o  make v ( q )  more 

negat ive,  i . e . ,  t o  g ive  t h e  s-l ike s t a t e  below the p- l ike one 

a t  a band gap a t  constant  g. l5 Thus, qo i n c r e a s e s  wi th  atomic 

number Z i n  each group of cons tan t  valence % , as can a l s o  be 

seen  i n  Fig. 4. 

p a r t l y  
i n  terms of pseudo potential^'^ but not  w i th in  

SP 
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111 DIVALENT METALS 

Fig.  4 shows t h e  s t r u c t u r a l  weights W(g) of the f .c c, 

and h c p. ( i d e a l  c / a ) s t r u c t w e s ,  re la t ive  t o  go and b c c 

2kF f o r  t h e  d i v a l e n t  metals. The qo are va lues  c a l c u l a t e d  

f r m  t h e  Model ?ntent ia l , ’  which gives good agreement w i t h  

experiment , for v(q)  i n  t h e  r eg ion  of qo. It i s  imme- 

d i a t e ly  c l e a r  t ha t  the  f c c 

i t s  s t r u c t u r a l  wt5ight i s  s p l i t  between two g ’ s  i n  a region 

where E ( q )  i s  concave. For Zn, Cd, h . c . p  i s  favored over  

s t r u c t u r e  i s  unfavorable because 

b c c 

The balance i s  more even f o r  Be and M g  where qo i s  considerably 

smaller: We shall merely accept t h a t  h c p is t h e  s t a b l e  form 

s i n c e  the main s t r u c t u r a l  weight l i e s  f u r t h e r  from go.  

and turn t o  t h e  devia+,ior_ o f  t h e  c/a r a t i o  from t h e  ideal. 

H g  w i l l  be treated a s  a spec ia l  case i n  Sec t ion  I V .  

For t h e  h c p striictzre, t h e  Ewald energy i s  a minimum 

f o r  the  ideal ( c lose  packing) c/a r a t i o ,  but there i s  no group- 

t h e o r e t i c a l  argument ( a s  there i s  f o r  cabic  symmetry) t h a t  the 

bid s t r u c t u r e  ehergy s h a l l  be s t a t i o n a r y  a t  t h i s  c/a r a t i o .  

Thus there is a l i n e a r  term i n  the  r e l a t i o n  of band s t r u c t u r e  

energy t o  d i s t o r t i o n  from ideal c/a, and c/a w i l l  d e v i a t e  some- 

what from ideal i n  all cases.  

The magnitudes of the r e c i p r o c a l  l a t t i c e  vec to r s  vary 

w i t h  d i s t o r t i o n  as follows: 
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Each g tends t o  produce a change i n  c/a which would move i t  t o  

lower E ( g ) .  For example i n  Zn and Cd,  g which has the  largest 

s t r u c t u r a l  weight l i e s  i n  the region just t o  t he  right of  q, 

where E (9) = dE/dq i s  negative.  

it tends  t o  give c/a g rea t e r  t han  ideal .  

weights of Fig. 4, w e  may wr i t e  down t h e  combined e f f e c t  of  gl, 

g2, g3. 

d i s t o r t i o n  i s  

3 

f 
Since g increases  wi th  c/a, 

U s i n g  t h e  s t r u c t u r a l  
3 

The term i n  t h e  band s t r u c t u r e  which i s  l i n e a r  i n  t h e  

[2.45E1(1.633) - 6.93E'(1.732) + 5 . 6 7 ~ ' ( 1 . 8 4 8 ) ]  ( 9 )  

If the c o e f f i c i b n t  i n  square brackets  i s  negative,  it lowers 

t he  energy t o  have 8 pos i t i ve ,  i .e. ,  c/a greater than i d e a l ;  

and v i c e  vers$. If wereplace t h e  f i rs t  two r ec ip roca l  l a t t i c e  



vectors ,  which are c l o s e  together,  by t h e i r  mean, ( 9 )  simpli-  

f i e s  t o  

L- 4 .4 8E ' ( 1 .688 ) + 5.6713 ' ( 1 .84 8 ) 3 

This  quan t i ty  may be thought of as roughly propor t iona l  t o  the 

second der iva t ive  oi' E ( q )  at 9 -25 1.75; it 13 the; clear t h a t  

it  w i l l  decrease s t e a d i l y  from Be f o r  which it  w i l l  be small, 

t he  qo being a t  1.39,to Cd i n  which it  w i l l  be large and nega- 

t i v e  s i n c e  the  zero i s  a t  1.70 so  the  r ec ip roca l  l a t t i c e  

vec tors  f a l l  i n  t h e  region of large convex curvature.  This  

p r e d i c t s  a c/a r a t io  which increases  wi th  qo from a value 

c lose  t o  ideal, in agreement w i t h  t he  observed r a t i o s  Be(l.59), 

~g(1.62)~ zn(1.86), Cd(1.89). 

For a given element, qo can be decreased r e l a t i v e  to 

t h e  r ec ip roca l  l a t t i c e  vectors  by increase  of pressure,  and 

an o v e r a l l  increase  of c/a w i t h  4, i s  observed," though i t  

is  not  monotonic. 

The replacement of  gl and g2 by t h e i r  mean neg lec t s  t h e  

gl and g c ros s  e f f e c t  of t h e i r  motion r e l a t i v e  t o  t he  mean. 

over a t  c/a = 1.73. The e f f e c t  of t h e  convex curvature  of 

E ( q ) ,  which pushes them apar t  i s  thus t o  reduce c/a when it i s  

less than  1.73 and increase i t  when g r e a t e r .  Since the  curva- 

t u r e  i n  t h i s  region i s  much greater i n  Zn and Cd than i n  Be 

2 

and Mg, t h i s  i s  probably a s i g n i f i c a n t  con t r ibu t ion  t o  the  

very large deviation of  c/a from ideal f o r  t h e  former. 
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In the MgCd alloys 18 and in Cd under pressure, the variation 

of c/a with composition and pressure is most rapid at c/a = 1.73, 

which presumably is again related to the crossing of gl and g2. 

A simple theory gives just  a uniform expansion of the c/a scale 

about 1.73, proportional to E” (9) at q % 1.7, and we conclude 

the effect is more complicated. 
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IV. MERCYRY 

I n  Hg the  main s t r u c t a r a l  w e i g h t  of a l l  three s t r u c t u r e s  

fa l ls  c l o s e  to qo, so  that  there w i l l  be l i t t l e  binding i n  

any s t r u c t u r e .  

peak i n  a(q), t h e  expectat ion valrze of !~!q!!~, a l s o  fa l l s  

n e a r l y  on 9,. The d i f f e rence  i n  energy AU between l i q u i d  and 

s o l i d  w i l l  a l s o  be small, r e s u l t i n g  i n  a low melt ing tempera- 

The same appl ies  to the  l i q u i d  where t h e  main 

t u r e  
AU,As T =  m 

19 where AS i s  f i x e d  by the  geometrical  en t ropy  of d i sorder .  

Returning t o  t h e  s o l i d  s t r u c t u r e s ,  we see from Fig. 4 

that  b c c i s  c l e a r l y  unfavorable, s i n c e  W(g) f a l l s  p r a c t i -  

c a l l y  on qo. The f c c s t r u c t u r e  appears favored over t h e  

h c p s t r u c t u r e  s i n c e  i t  has some s t r u c t u r a l  weight a t  g = 

2.0, w e l l  away from qo. 

weight nea r  qo i n  a l l  t h r e e  s t r u c t u r e s  accounts f o r  the  

preference  of Hg f o r  more complex s t r u c t u r e s  whose s t r u c t u r a l  

The concent ra t ion  of s t r u c t u r a l  

weight avoids  it. Two s t r u c t u r e s  are found, both of which are 

desc r ibab le  as d i s t o r t i o n s  of f c c, and indeed are t h e  two 

types of shearing d i s t o r t i o n  of f c c which we would expect 

on grounds of symmetry. 

(d- Hg) ,  which s t r e t c h e s  o r  compresses t he  cubic  c e l l  along 

a body diagonal ,  s p l i t t i n g  the  {111) set  of r e c i p r o c a l  l a t t i c e  

They are the rhombohedral d i s t o r t i o n 2 *  



vec to r s ,  acd tke tetrizgor-a1 d i s t o r t i o n  ( 

or  compresses i t  along a cube  axis,  s p l i t t i n g  t t e 4 2 0 0 j s e t  of 

r e c i p r o c a l  lat:-ice vec+  ors. T - e  E w d d  term opposes bot?  d i s t o r -  

- Eg) which s t r e t c h e s  " f  

I t i o n s ,  b c t  not  eqhaily. Ylne rhombohedral shear is opposed much 
Ewold I 

more s t r o n g l y  as can be seen from theAcontr ibut ion C(E) t o  t h e  I 22, corresponding e l a s t i c  constants  

Th$s I s  presumably wr;y koth  s t r - i c t x r e s  are f o m d ,  d e s p i t e  

t he  f a c t  thaz the  rhoTnboLedrs1 d i s t o r t i o n ,  s i n c e  i t  spl i ts  the 

set  of r e c i p r o c a l  l a t t i c e  c;ec:ors c l o s e  t o  go,  appears much 

more favorable  from :?-e poir-t of  v iew or' lowering the band 

s t r u c t u r e  energy. Indeed, s i r c e  t k e  t e t r a g o n a l  d i s t o r t i o n  

s p l i t s  the  f200 f s e t  wki23.k does no t  l i e  i n  a reg ion  of convex 

cu rva tu re  of E ( q ) ,  and shifts t h e  {ill) set, which l i e s  c l o s e  

t o  qo where the d e r i v a t i v e  of E ( q )  i s  small, t h e  f c c s t r u c -  

t u r e  may well be stable agaiEsf a small t e t r a g o n a l  d i s t o r t i o n .  

Th i s  does not ,  however, imply t h a t  t he  v e r y  l a r g e  observed 

d i s t o r t i o n  (c/a = 3 )  is uri.favorable. 

t h e  con t r ibu t ion  of t h e  { 1113 r e c i p r o c a l  l a t t i c e  vec to r s  t o  

t h e  cohesive energy w i l l  imrease roughly as 5he f o u r t h  power 

of d i s t o r t i o n  because they  are nea r  9,. 

1 Kote i n  p a r t i c u l a r ,  t ha t  
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Both types of d i s t o r t i o n  have magnitudes which are i n  

keeping with the disczssior:  i n  Sec I, i .e. ,  l i m i t e d  by 

a set of r ec ip roca l  l a t t i c e  vec tors  reaching 2kF from below. 

Two of the  {lll? vectors  ir ,  A-Hg are a t  1.03 (Zk,), w h i l e  

i n  p -Hg t h e  whole s e t  {lll) i s  a t  1.02 (2kF).  

The main point  which w e  wish t o  empkasize here is  t h a t  

these d i s t o r t i o n s  stem from v ( g )  being small, i . e . ,  g being 

nea r  go. 

covalent borids of p a r t i c x l a r  lengths  and angles? Cer ta in ly  

not  in the  sense of t h e  diamond type semiconductors, where 

the  covaiency is a manifestat ion of v ( g )  being la rge .  

However, the  form of v (q ) ,  i n  p a r t i c u l a r  t h e  p o s i t i o n  of qo, 

is  pres-mably related t o  bozd d i s t ances  d = 2n/q i n  molecules. 

I n  t h e  s o l i d  t he  mean near-Reighbor distame is more o r  less 

f i x e d  by the  atomic v o l m e  which i s  determined l a r g e l y  by t h e  

energy of t h e  free electror ,  gas as a func t ion  of volume. I n  

mercury i t  happens acc iden ta l ly  t o  f a l l  near  do = 2n/q0. I n  

a molecule t h e  e l ec t ron  gas i s  not  confined i n  t h e  same way, 

and (supposing covalent biriding) t h e  bond ler,gth d i s  probably 

How fa r  may tkey be viewed as sone tendency t o  form 

9 

more d i r e c t l y  determined by v ( q ) .  

sponding t o  q > q, and v(q) pos i t i ve .  

of charge between the atoms, i . e . , ah  sp bond. If t h i s  i s  a 

c o r r e c t  p i c tu re ,  then  the  d i s t o r t i o r i  i n  t h e  s o l i d  t o  g ive  some 

neighbor d i s t ances  d < do is  not  unre la ted  t o  covalent bond 

lengths  i n  molecules. The re  i s  some evidence f o r  t t i s .  I d e a l l y  

w e  would l i k e  t o  compare wi th  bond lengths  ir, diatomic molecules 

i n  t h e  metal vapors. These data are not ava i lab le .  Values f o r  

We expect d < do, corre- 

This  denotes heaping up 
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the  oxides are given i n  Table I. The f i r s t  l i n e  gives  metal- 

oxygen d l ~ t a n c e s * ~  i n  the  oxide, t h e  mean for ZnO, ZnS and 

N a C l  s t r u c t u r e s  being given where t h e  oxide e x i s t s  i n  more 

than  one form. 

t a ined  by s u b t r a c t i n g  0.83 from the M - 0  d i s tances .  

a r e  concerned wi th  t h e  trend, i t  is  a r b i t r a r y  what @,& u& 

w. 

Rox is  a metal atom rad ius  i n  the  oxide ob- 

Since w e  

we have chosen it t o  give F, ox =-R 'In for Mg, where 

Rm is  the atomic rad ius  

( 4 ~ / 3 ) % ~  i s  t h e  volume 

abnormally smaller than 

i n  t h e  metal i n  t h e  sense t h a t  

per atom. 

Rm as expected from the  small 2-r/g0, 

We note tha t  Rox f o r  Hg i s  

and It is  probably l eg i t ima te  t o  i n t e r p r e t  t he  d i s t o r t i o n  of 

the Hg s t r u c t u r e  as an attempt to obta in  some nea res t  neighbor 

d i s t ances  less than  those i n  a r egu la r  f c c  s t r u c t u r e  a t  t h e  

same atomic vol-me. We emphasize that  r e l a t i n g  the  oxide 

spacings t o  pseudopotentials i n  t h i s  extremely crude way i s  

only intended to make a q u a l i t a t i v e  connection between m e t a l l i c  

s t r a c t u r e  and chemical proper t ies ,  not as a use fu l  d i scuss ion  

of t he  oxides themselves. Nor does our connection between qo 

and bond lengths  have anything new i n  content ,  because q, i s  

determined by the same f a c t o r s  normally considered f o r  chemical 

p r o p e r t i e s  as we have observed i n  Sec. 11, namely i o n i c  rad ius ,  

binding of t he  lowest s-state of the atom and t h e  promotion 

energy A SP' 



V. TRIVALENT METALS 

The zero of the A1 pseudopotential falls close to those 

of Cd and Zn, yet A 1  has the f c c structure, presumably be- 

cause the 12003 set of reciprocal lattice vectors falls below 

2kF for 3 = 3 (Fig.  4): and its contribution to the cohesive 

energy of the f c c structure is correspondingly increased. 

I Since Cd and Zn show considerable distortion from the 

ideal h c p structure, and Hg from the f c c, we may also 

ask why A I  is undistorted f c c. Table I1 shows the observed 

shear elastic constants of Al, together with the contribution 

of the Ewald term and the difference, which is the band struc- 

ture contribution. 

(rhombohedral distortion), because this corresponds to a 

splitting of the 11111 set, lying close to qo, in the region of 

strong curvature of E ( q ) .  

I 

The latter is large and negative for C44 

The band structure contribution to 

*( Cll-C12), corresponding to tetragonal distortion is small and 

positive since g(200) lies outside this region. 

tion of qo is responsible for the fact that the band structure 

contribution to the elastic constants has a large anisotropy, 

opposite to that of the Ewald term, giving nearly isotropic 

total elastic constants. 2y24  

does not outweigh C44 (Ewald), giving a total negative C44 and 

a spontaneous rhombohedral distortion 

may be regarded as a consequence of the smaller atomic volume 

Thus the posi- 

I 

I The fact that C44 (band structure) 

as in the case of Hg, 
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and larger valence of A l ,  both of which increase the relative 

size of the Ewald term. 

Ga, In, T1 have qo lying successively to the right of Al. 

If' q lies in the region 1.6-1.7 as it does for Ga and indium, 

the simple structure with lowest energy is clearly f c c. How- 

ever, even for f c c both g ( l l 1 )  and g(200) will lie near the 

peak of E ( ¶ ) ,  and the band structure energy will strongly favor 

more complicated structures, which have a distribution of 

structural weight which better avoids 9,. 

greater for Gay we will consider first the simpler case of in- 
23 dim. The indium structure is a small tetragonal distortion 

of f c c, The qo lies midway between g(ll1) 

and g(200), making the curvature strong at each, especially 

g ( l l l ) ,  but the tetragonal rather than rhombohedral distortion 

occurs, because of the preference of the Ehald term (see Eq. 12). 

We have calculated F( C11-C12) for the/structure, corresponding 
to tetragonal distortion, as qo varies from 1.66 for A 1  to 1.86 

for indium. We take the pseudopotential t o  be (in Ry): 

0 

Though the effect is 

with c/a = 1.08. 

1 f c c  

where D = dq/2kF. This roughly fits the Model Potential3 for 

indium when o( = 1 and A1 f o r  d = 1.12, variation of d cor- 

responding to stretching the carve along the q-axis. The 

result for the band structure contribution t o  $(C11-C12) is 

shown in Fig. 5. When qo falls in the region appropriate to A l ,  
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I 

I $(Cll-C12) i s  small and pos i t i ve ,  but decreases  sharp ly  as qo 

moves t o  t h e  r igh t ,  corresponding t o  t h e  extreme s e n s i t i v i t y  

of t he  c a l c u l a t e d  spectrum o f  A1 t o  t h e  assumed value of go, 

no t i ced  by Vosko e t  a l .  25 

more t h a n  cance ls  t h e  Ewald con t r ibu t ion .  

I 
I 
I 

The va lue  f o r  o( = 1. i .e. ,  indium, 

I 
More complete ca l cu la t ions  f o r  indium are shown i n  

Table 111. The f i rs t  colwnn g ives  the observed values ,  and t h e  

o t h e r s  the c a l c u l a t e d  values using r e spec t ive ly ,  ( i )  t h e  ca l -  
3 c u l a t e d  pseudopotent ia l  o f  Animalu and Heine (AH) t'aking a l l  

higher  r e c i p r o c a l  l a t t i c e  vectors  i n t o  account, and ( i i )  t h e  
I 

pseudopotent ia l  (F ig .  2 )  f i t t ed  by Cohen and Bergstresser26( CB) 
d 

t o  t he  o p t i c a l  spectrum of InSb. 

t o o  great an i n s t a b i l i t y  apparent ly  due t o  i t s  hFving t o o  large 

The AH p o t e n t i a l  p r e d i c t s  I - 
I 

l a g rad ien t  a t  g(200) .  It is  i n t e r e s t i n g  t o  note  t h a t  the v ( q )  I 
f i t t e d  empi r i ca l ly  f o r  InSb g ives  much bet ter  answers. 

ca se  it i s  c l e a r  t h a t  t h e  q u a l i t a t i v e  remarks i n  Sec. I about I 

t h e  o r i g i n  of d i s t o r t i o n s  make q u a n t i t a t i v e  sense.  But because 

of the  c a n c e l l a t i o n  between band s t r u c t u r e  and Ewald terms, t h e  

pseudopotent ia l  has t o  be known v e r y  p r e c i s e l y  before  good 

I n  any 
~ 

I 

agreement w i t h  experiment can be expected. 

While indium shows only a s l i g h t  t e t r a g o n a 1 , d i s t o r t i o n  

, from f .c .c . ,  t he  two known forms of G a  are both complicated 

orthorhombic s t r u c t u r e s ,  27y28 Ga I and 11. The c r u c i a l  d i f -  

, 
f e rence  i s  not t he  pos i t i on  of go, which i s  almost i d e n t i c a l  

(Fig.  4), but t h e  s lope  of v ( q ) ,  which, from ca lcu la t ed ,3  and 
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26 empirically fitted pseudopotentials is found to be about 1.2 

times greater for Ga. Since v(q) appears squared in E( q), the 

negative band structure contribution to the elastic constant 

-C ) is about 1.4 times larger. Whereas in indium it 3c11 12 
scarcely outweighs the resistance to distortion of the Ebald 

term, in Ga there will be a much greater tendency to distortion 

and the  structure w i l l  be :ore radically mcdified. If Gz had 
, 

the same tetragonal form as indium, limited by a s e t  of recipro- 

cal lattice vectors reaching 2kp as in Hg (Sec. IV), the c/a 

ratio would be about 0.85 or 1.3. 

obtained from the c/a = 0.85 face centered tetragonal structure 

The GaI structure27 may be 

by a rearrangement consisting mainly of the sliding of consecu- 

tive atomic layers perpendicular to the c-axis, giving an ortho- 

rhombic structure with 

a 2 b, c/a = 2 x 0.85 = 1.7. (14 )  

The GaII structure28 also has a set of reciprocal lattice 

vectors at 2kF. 

For T1, consideration of the position qo in Fig. 4 does 

not suggest clear preference for any of the simple structures, 

which is in keeping with experiment, since all three are ob- 

served,2g h' c p: being the low temperature, low pressure form. 

The h c p structure has near ideal c/a ratio, since E ( q )  does 

not have strong curvature around the reciprocal lattice vectors 

(see Sec. 111). Comparison of the pseudopotentials of indium 



and T1 would lead us to expect f’c c T1 to have slight in- 

stability with respect to tetragonal distortion, as does indium. 

In fact it is Just stable. 

extrapolated from alloy data,30 is 0.32 dynes/cm-2. 

1 The elastic constant 3(Cl1-Cl2) ,  
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V I .  FURTHER APPLICATIONS 

We w i l l  inc lude  i n  t h i s  s e c t i o n  some related comments on 

a l l o y s ,  h igher  valency elements and l i q u i d  metals. 

-* 
We have seen  i n  Sec. V t h a t  as qo shif ts  from / t o  T1, 

q u i t e  a la rge  s h i f t  (F ig .  4 ) ,  t h e  e l a s t i c  cons tan t  $(C11-C12) 

changes from -0.1 f o r  t h e  hypothe t ica l  f c c s t r u c t u r e  of in-  

dium t o  +0.3 f o r  f c c T 1  (both values  being ex t r apo la t ed  

estimates 30931). 

changes from t h e  ill11 and 200 r e c i p r o c a l  l a t t i c e  vec to r s .  

It is  a smooth v a r i a t i o n  and t h e  d i s t o r t i o n  of InTl  a l l o y s  tends 

t o  zero  a t  about 23°/0 T 1  beyond which the  a l l o y s  are f c c .  

Q u i t e  a new phenomenon occurs when Sn o r  Pb is  d i s so lved  i n  

indium. " 

c/a r a t i o  switching from g r e a t e r  than  u n i t y  t o  less than  uni ty .  

The e f f e c t  must be due t o  e l e c t r o n  per  atom concent ra t ion  e/a, 

because Sn and Pb have appreciably d i f f e r e n t  qo and t h e  InTl  

a l l o y s  show t h a t  change i n  qo has a minor e f f e c t .  

t ude  of  t he  d i s t o r t i o n  may be  cha rac t e r i zed  by the parameter 

where 

The change i s  s o  s l i g h t  because of opposing 

r 3  

A t  about 13°/0 so lu t e  there i s  a phase change, t h e  

The magni- 

2 , t h e  

The s i g n  of t h e  

and we may expand t h e  t o t a l  energy i n  powers of  8 
term g i v i n g  the  ( n e g a t i v e )  e l a s t i c  cons tan t .  

d i s t o r t i o n  i s  determined by t h e  t h i r d  o r d e r  term, D 8 3  say. We 
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f ind  t h a t  t h e  Ewald term gives a p o s i t i v e  con t r ibu t ion  to D, 

i.e., favors  c/a < 1, whereas t h e  band s t r u c t u r e  con t r ibu t ion  

to D i s  negat ive  favor ing  c/a > 1. The g(200) par t  of t h e  

l a t t e r  i s  

wher-e E!, E* ', El1 are t h e  d e r i v a t i v e s  of F ( q )  evaluated a t  

g(200) f o r  the  und i s to r t ed  f c c s t r u c t u r e .  

second o rde r  theory  (Eq.  5),  a l l  d e r i v a t i v e s  tend t o  + ob at  

q = 2kF because of t h e  s i n g u l a r i t y  of  f ( q )  there, and g(200)  i s  

only  l lo /o less  t h a n  2kF. 

the  s i n g u l a r i t y  i t s e l f  because i t  i s  only a logar i thmic  one 

and i s , i n  any case,  smoothed out by higher o rde r  p e r t u r b a t i o n  

co r rec t ions .  Nevertheless,  t h e  genera l  shape of what corre-  

sponds t o  t h e  f func t ion  i s  no t  t oo  d i f f e r e n t ,  i nc reas ing  t o  

a large g rad ien t  just beyond g(200).  It is ,  t he re fo re ,  to be 

expected tha t  (Eq. 16)  is s t rong ly  negat ive,  outweighing t h e  

p o s i t i v e  Ewald term t o  give c/a > 1 f o r  pure indium. However, 

as w e  i n c r e a s e - e / a  by adding Sn o r  Pb, 2kF moves f u r t h e r  away 

from g(200); and the d e r i v a t i v e s  of E ( q )  a t  g(200) decrease.  

The s i n g u l a r i t y  is a l s o  f u r t h e r  smoothed out  by t h e  e l e c t r o n  

s c a t t e r i n g ,  although i t  i s  not c l e a r  how important t h i s  f a c t o r  

is .  While ( E q .  16) becomes less s t r o n g l y  negat ive  w i t h  

i n c r e a s i n g  e/a, t h e  p o s i t i v e  Ewald term must be i n c r e a s i n g  due 

t o  t he  i n c r e a s e  i n  the m e a n  i o n i c  change. Thus beyond a c e r t a i n  

concent ra t ion ,  t h e  band s t r u c t u r e  term no longer  outweighs the  

Ewald term and we have a change t o  c/a < 1. 

I n  t h e  simple 

Too much stress must not  be put on 

I 
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For the tetravalent elements we would expect an increasing 

tendency t o  form distorted structures with decreasing atomic 

number, the exact reverse of the situation for divalent metals. 

Here qo lies to the right of the main concentration of struc- 

tural weight, 3y26y33 furthest for Pb, closer to the main recip- 

rocal lattice vectors in Sn, Ge, Si. However the situation is 

complicated by the existence of covalent bonding 9934 which is 

an effect arising from higher order perturbation terms, giving 

rise to the diamond structure for Si, Ge and grey Sn. Under 

pressure Si and Ge are found to undergo a transition35 to the 

tetragonally distorted metallic structure of white Sn. Thus, 

under pressure, which suppresses formation of the open co- 

valently bonded structures, these elements indeed conform to 

our point of view, since Pb, with qo farthest to the right, is 

a f c c metal. At very high pressures, Pb undergoes a transi- 

tion to an unknown structure. 36 The linear compression of the 

f c c phase at that pressure is about 8"/,, and we note that 

this increases all reciprocal lattice vectors and 2kF by about 

the same amount relative to qo, which remains fixed on an 

absolute scale. Thus the decrease in volume effectively moves 

qo to the left to about 3 y 3 3  2.00 in our units of 27r/A,, which 
~ 

is near where go lies 3 for Sn (go = 2.01 2*/Ao). Thus we expect 

the new phase of Pb to be a distorted one. 

The group V semi-metals As, Sb, Bi have a structure which 1 
l 

is obtained from simple cubic by a rhombohedral distortion and 
I 

an internal displacement. '' Although in detail the factors ~ 
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. -  determining the  s t r u c t u r e  are very complicated, 38 i t  i s  i n t e r e s t -  

ing to note  t h a t  t h e  g ( l l 1 )  set  of  r e c i p r o c a l  l a t t i c e  vec tors ,  

which i s  s p l i t  by the rhombohedral d i s t o r t i o n ,  i s  c l o s e  t o  qo 

f o r  a l l  three elements, and t h a t  t h e  d i s t o r t i o n  i s  greatest i n  
As, which has the  s t r o n g e s t  pseudopotent ia l .  3 

I n  l i q u i d s  the analog of W(g) is  t h e  s t r u c t u r e  func t ion  

a(q) measured by X-ray o r  neutron d i f f r a c t i o n ,  which has i t s  

main peak i n  t h e  range o f  q where t h e  s imple s t r u c t u r e s  have 

t h e i r  first r e c i p r o c a l  l a t t i c e  vec to r s  (Fig.  4 ) .  To a first 

approximation a (q)  i s  t h e  same f o r  a l l  metals, but we might 

expect some d e v i a t i o n s  i n  t h e  sense of the main weight of 

a (q)  avoiding 9,. 

main peak, o r  rather a shoulder on it,39 i n  such a way t h a t  
0-1 a ( q )  i s  reduced around 2.8 A which is  where 

Indeed f o r  Ga there  i s  a s p l i t t i n g  of the 

hkiA+d&A - k a & b & h t a a 6 ) .  
l iesk The e f f e c t  i s  p a r t i c u l a r l y  marked f o r  Ga because of 90 

t h e  strength of t h e  pseudopotent ia l  and low temperature a t  

which observa t ions  are possible. Indium should have a similar 

feature i n  a(q),  but l ess  marked. 

observed to date. 40 

Hg41 and Sn4*, aga inexp l i cab le  by a diminution of a(q)  i n  t h e  

v i c i n i t y  of  go. W e  no te  incidental ly/  9 he minimum i n  t h e  

mel t ing  point43 of the  

proximity of q, to the ma in  r e c i p r o c a l  l a t t i c e  vec to r s  ( F i g . $ )  

as I n  the  

T h i s  has not  been c l e a r l y  

The e f f e c t  i s ,  however, c l e a r l y  seen  i n  

3 = 3 metals c o r r e l a t e s  wi th  t h e  

% = 2 metals.  
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I n  Zn and Cd, qo apparent ly  f a l l s  nea re r  t h e  c e n t e r  of 

t he  peak i n  a ( q )  than  i n  Eg where i t  l i e s  j u s t  on t h e  h igh  q 

side. 41y44 Thus Zn and Cd have lower r e s i s t i ~ i t i e s ~ ~  than Hg, 

but h igher  mel t ing  po in t s  because t h e  e f f e c t  decreases  the 

binding of the l i q u i d .  



APPENDIX 

In a one-electron formulation, the & (g) of ( 3 )  is just 

&(g), the screening factor in v ( q ) .  It is defined by 

( A 4  

where v is the pseudopotential of a bare ion. In this form 

(1) I s  contained in the results of Harrison, 2 9 4  and Pick and 
9 

Sarma,' but may be derived more directly as follows. Consider 

a single g and ignore S ( g )  which we suppose equal to unity. 

The second order contribution t o  the one-electron energy of the 
- .HI 

state k is 
u 

This has t o  be summed over all occupied states inside the Fermi 

surface, which t o  second order may be taken as the unperturbed 

Fermi sphere. We obtain, using ( 4 ) ,  

as the major contribution t o  U2. 

electron-electron electrostatic energy twice and we have to sub- 

Eowever, this counts the 

tract it once. 46 It is 

where v sc is the screening potential of the electron gas and 63 g rcc 



-the corresponding component of the electron charge density. 

From (A-1) we have 

comes from the perturbed wave functions 
P g  & 

qk* y k  makes a contribution 

P g  is , and the total to P g  

(A-5) 

( A - 6 )  

( A - 7 )  

Substituting ( A - 5  and ( A - 8 )  into (A-4) and subtracting it from 

(A-3) gives 

apart from the Ewald term UE in (1) which does not depend on the 

pseudopotentlal. 

The above calculation includes exchange and correlation 

only in so far as all vertex corrections are included in the 

screening factor e *(  q )  which is the (proton-electron dielectric 

constant' in the sense of reference 47. It does not include the 

change in the exchange and correlation energy of the electron 

gas due to the density modulation rg. The correct result 



48 i nc lud ing  t h i s  i s  

where i s  

( A - 1 0 )  

the  t r u e  lproton-proton' d i e l e c t r i c  cons tan t .  47 

Comparison wi th  (l),  

d ( d  = 

( l - G l )  and f have a 

( 3 )  and (A-1) gives  

( A - 1 1 )  

similar s i n g u l a r i t y  a t  2kF so tha t  d i s  a 

smooth func t ion  of g. The r e s u l t  ( A - 1 0 )  i s  just t h e  ope ra t iona l  

d e f i n i t i o n  of  1. If we " tu rn  on" the bare pseudopotent ia l  
the change i n  energy i s  49 

€ 3 '  
V 

( A - 1 2 )  

as i n  charging up an e l e c t r o s t a t i c  system. The 

t i o n a l  t o  v by Po i s son l s  equat ion and ( A - 1 2 )  becomes 

pgb i s  propor- - 
I3 - 

( A - 1 3 )  

W e  can now d i v i d e  t h i s  up i n t o  the  d i r e c t  i n t e r a c t i o n  of  t h e  bare 

pseudopotent ia l s  

( A-14 ) 



which is included in UE, and the remainder (A-10) which is the 

interaction via the screening electrons. 
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0 
Table I. A t o m i c  radii (in A )  in metals and oxides. 

Be MI3 

M - 0  2.10 2-59 

1.27 1.76 

1.24 1.76 

Zn 

2-35 

1.52 

1.53 

Cd m 

2.52 2.53 

1.69 1.70 

1.72 1.77 
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Table 11. Elastic shear constants of aluminum in 

10l1 dyne ~ m - ~ .  

Totala Ewaldb BandC 
Obs . Struct . 

c 

c44 Pf 17.2 -m - ' .  

a R. E. Schmunk and C. S. Smith, J. Phys. Chem. 
Solids 9, 100 (1959). * 

Reference 7, p. 149. 

By difference. 



Table 111. Dis tor t ion  of indium. 

q c  -c ) 2 11 12 

Obs Calc . Calc 
AH CB 

a -0.1 -1.9 b 0.2 

Note: The first l i n e  gives  the  e l a s t i c  constant  i n  
units of lo1’ dyne cme2 f o r  t h e  hypothe t ica l  
f c c s t r u c t u r e  and the  second l i n e  t h e  
equi l ibr ium value of c/a. 

a Extrapolated from the data of Reference 31. 

Contr ibut ions from g <2% only. 



I 

FIGURE CAPTIONS 

Big. 1. The function f(q) in units of nk#hr2.  

Fig. 2. Model potential of indium (in Ry). Also 
indicated are pseudopotential parameters 
deduced from the optical spectrum of InSb 
(reference 26). 

Fig. 3. The energy-wave mmber characteristic E ( q )  = 
2 v F (schematic). 

Fig. 4. Zeros qo for divalent and trivalent metals 
compared with 2%) and the structural weights 
W(g) for f c cy h c p (ideal c/a) and b c c 
structures. Units for q and g are -/Ao. 

1 Fig. 5. Contribution to ?(Cl1-Cl2) from reciprocal 
lattice vectors less than 2kFy as a function 
of qoy for the pseudopotential of Eq. (13)y 
using the atomic volume of indium. 
are 1011 dyne cm-2. 
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